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A survey of the baby step giant step algorithm for
the structure of a finite abelian group

U0 o
Jubgdogtdboodgoogd

Kazuto Matsuo, July 18, 2006 @ Metro U.



References

e Cohen, Algorithm 5.4.1 in A Course in Computational Algebraic Number
Theory 4th ed., GTM 138, 2000.

e Magma, AbelianGroup(J) : JacHyp —-> GrpAb, Map

o Teske, A space efficient algorithm for group structure computation, Math.
Comp., 67 (1998), 1637-1663.

e M., Chao, and Tsujii, Determination of endomorphism type of Jacobian
varieties of hyperelliptic curves over finite fields, IEICE Trans. J85-A (2002),
no. 6, 677-690. in Japanese

Kazuto Matsuo, July 18, 2006 @ Metro U. 1



Problem

Given:

G finite abelian group

Find:

r € Z>1, (di,da,...,d.) € (Z>2)" s.t.

G = EBO<7L§7" Z/dZZ'
dz‘ ‘ di_|_1 for ¢ = ].,...,7“—1
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Requirements for G

e Known:

— 4G
— {(li,€i)}, where #G =[] i<, @i ¢ = [5%, {l;}: s distinct primes

o (o, 3) € G?, efficiently computable:
- a+pf
i
—a=8
?
—a< g ()

e.g. G = Jo(Fp) of genus 2 HEC, YD e G,
(X2 + u1 X 4+ ug, v1X + vg)
D = (X—l—uO,’Uo) for ug, uy, vo, v1 EFp
(1,0)
ug, u1,v0,v1 € [0,p — 1] CZ
ug + u1p + vop” + v1p°
key(D) := < ug + vop? resp.
0
D1 < Dy & key(D1) < key(D2)
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Requirements for the computer system

e A data structure s.t.

1. Both of “Search,” and “Insert” can be done within O(logn)

for n-element set
e.g. Red-Black Tree (cf. Knuth ACP 3)
NB: Both “Array” and “List” does not sutisfy the requirement.

2. Each elements can be contained some informations other than its key

— “Indexed Set” ({@...@}) on Magma
— Class “set” in STL of ISO C++
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Final Part
#G = H0<i§s Gi, Gi = 1;'
G = @o<z‘§s Glail,
Glgil = Do i<, Z/lf(i’j)Z, for some t; with
2 0<j<t; €ig) = Cir €ig) | €Gigy) for 0.<j <t
—
dr = [Toeics b dry = Tlgeics ;7Y -
with e(; ;y = 0 for j < 0 sutisfies
G @yicr Z/diT, di | digr fori=1,...,r—1
—

If one finds e(; ;)s then the task is done.
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Reduced Problem

Given: G: finite abelian group, ¢ = (¢, I: prime, ¢ | #G, 171 { #G
Find: 7 € Zo1, (di,da, ..., dy) € (Zss)" sit.

Gla| = Doci<, L/ diZ,

di | djzq fori=1,...,r—1

—

d; = 1% (with redifinition of e;)

e, <ejpfori=1,...,r—1
NB:

G — Glq]

a — [#G/qla
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Linear Algebra Part

If one can find

b= t(gnga SRR 79]@) S G[Q]k s.t. G[Q] — <917927 T ’gk>’
and A € ZF** s.t. lower triangluar, det A # 0, Ab =0,

then

(dy,...,d,) can be obtained via. the Smith normal form of A

l.e.

E“S(A) = (Szg) < Zka, Ss.t. Sij =0 for 1 7£ j, S11 | S99 | s | Skk,
and S(A) = VAU with U, V € GL(k, Z)

= S(A)b =0, where b := U~'b = diag. elts. of S(A) = d;s (+1s)

NB: det A = [[,,<, diag. elt. = ¢ = diag. elt. of A = a power of ]
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Main problem from an algorithmic viewpoint

Find:

b="(g1,92,---,9x) € Glg]" s.t. Glg] = (91,92, -, 9r),
and A € ZF** s.t. lower triangluar, det A #£ 0, Ab =0
“

Finding by a “sequential” manner

glﬂAl

/

g2ﬁ‘A2

e
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Two algorithms for the main problem

e Exhaustive search

e Baby step giant step

NB: The problem can be efficiently solved by Teske's method also.
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Procedures for ¢g; and ¢-
g1 € Glg] \ {0}

Find minimum e; s.t. 0 < ey <e, [[°]g1 =0
A= (lel)
T = (([i]lg1,1)) fori =0,...,1¢t =1

g2 € Glg|]\ T

Find minimum es s.t. 0 < eg <e—eq, [[?go €T

If [1%2]g2 = i]g1,

T = (([idlgr + [flg2, (G,4))) for i =0,...,020—1,j=0,...,1°2—1
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Procedure for g, and the stop criterion
gk € Glg/\ T
Find minimum e st. 0 <ep <e—(e1+ea+---+eg_1), [*|lgr €T

If [[k]gr = |t1]g1 + [i2]g2 + - - + [th—1]gK—1,

1 0 e 0
[¢2 :

A= 0

iy e —ipq ek

1T = ([7/1]91 -+ [’ig]gg + -+ [’Lk]gk, (il,’ig, e ,’l,k)) for ’ij =0,...,[%—1
Stop Criterion:

If > 1<,;<, € = e then terminate.
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Complexity of main algo.
k <e, e=0(logq)

e g€ Glg\T: O°(1)

— Prob. that g ¢ T' > 1/2

Worst: [ =2, #T = 1! = Prob. = (I¢ =171 /I*=1-1/2=1/2
— g € Glq]: O(klog#G) G-ops.
— Testing g € T: O(klogq) |key| bit-ops. by “Search”

e Finding minimume; st. 0<e; <e—(e1+ex+---+e€;_1), [¢g, €T,

and (il, e 71.2'—1) S.t. [lei]gk = [il]gl + [ig]gg + -+ [%-1]%-11 O~(1)

— [I%]g; € Glq]: O(kelogl) G-ops.
— Testing [I%]g; € T: O(kelogq) |key| bit-ops.

e Updating A: O7(1)
o Updating T: O™ (q) G-ops.

= O™ (q) G-ops.
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Total Complexity

e Main Part: O7(q) G-ops., ¢ = max(q;)
e Linear Algebra Part: O7(1)
e Final Part: O7(1)

= O07(q) G-ops., ¢ = max(q;)

and

O(q) spaces
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Shanks’s baby step giant step algorithm

Given:

G finite abelian group, o € G, B € N s.t. #(a) < B
Find:

n € Ns.t. n < B, n = c#(a) with some c € N

|dea:

m-adic representation of n

l.e.

For given m € N,

“ng,n1 € Z s.t. 0 <ng<m, 0<n; <[B/m] with
n = nim —+ No
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Input: G: finite abelian group, a € G, B € N with #(a) < B, m < B
Output: n € Ns.t. n < B, n = c#{«a) with some c € N
1. S —{lila|i=0,...,m — 1} with their indecies /*Baby Step*/
2. B=[-m]a, v=0,70
3: repeat /+*Giant Stepx*/
4. y— v+ 0, i+—1+1
5. until v e S
6: n«— im + 7, if [i|]0 = [jla
7. return n

O(m + B/m) G-ops. with O(m) spaces
=

Setting m &~ /B gives the best performance i.e.

O(VB) ops. with O(v/B) spaces.
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The Baby Step Giant Step Algorithm
for the Structure of A Finite Abelian Group
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Procedure for ¢;

g1 € Glg] \ 10}

Find minimum e; s.t. 0 <e; <e, [[°g1 =0
A= (Io1)

T = (([i]g1,1)) fori =0,...,00 — 1

m = [lel/ﬂ

S =10,91,[2]91,...,m — 1g1}

L = {O, [_m]gly [_Qm]gly ORI [_m2]gl}
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Procedure for ¢

g2 € Glg| \T
— g2 € G[q] \ {0}

Find minimum es s.t. 0 < eg <e—eq, [[?go €T
— Find minimum eg, and (a,8) € Sx Lst. 0<ey<e—eq, [[?g+a=0

If [562]92 [1]g1,
— If a = [ilg1, B = [j]g91

o1
( )
z

s
(5
= (([ilg1 + [§]g2, (3,7))) fori = 0,...,1¢1—1, j=0,...,02— 1
7 “62/% S UO<z<m([']g2 +5), L Uogigm([_im]fh + L)
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Procedure for g;

gr € Glgl \ {0}

Find minimum ey, and (o, 3) € S X L s.t. [I°]gy + =0

If o = [i1]g1 + [ia)g2 + - - + [ik—1]gr—1, B = [J1lg1 + [F2lo2 + - - + [Jk—1]gk—1,

Je1 0 . 0
A . leQ . :
- . . . 0
(11 —g1) -+ (tg—1— Jr—1) [k
m = [lek/2—‘

S — Up<icmltlgr +5)

L — Up<icm([=im]gr + L)
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Complexity for &
e gr € Glg| \ {0}: O°(1)
e Find minimum ey, and (a, 8) € S x L s.t. [I%]gy, + o = B: O™ (#S)
e Updating A: O™(1)
0 S Up<icm([ilgr +8): O([1/2] #5)
o L+ Up<icm([=imlgr + L): O°([I16/?] #L)

H#S ~ #L

=

Total complexity = Z O~ ({lei/ﬂ #S)

1<i<k
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Total Complexity

- S

1<i<k

1
o

162/2—| ’7l61/2—‘ |Vl€2/2—‘

IA

(#8) = [14/2] (#5)k-1 = O(/Q)

=

Total complexity = Z O ({lei/ﬂ #S)

1<i<k
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