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Construction of Superelliptic Curve Cryptosystems
(Extended Abstract)
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HHEL FTE, BRARFRABIIRE ETRERE SR 2R T SR TN T 5,
flt, Galbraith 3#IC & - T superelliptic curve £ divisor DEEINEGENRE SN, £z de
Jong, Noot 12 &Y CM Jacobi kA% ME[RIC & ¢ superelliptic curve @ family AREN 2 & T, BFF
M EHRRIC G, L Y AW class TH 5 superelliptic curve Z IV TH B REHEKT 5 Z L3 A[AEL 72 o

7z. % Z T, AFWILTIE superelliptic curve # AWTR 2RI SREMKT 2 HELRET 5.

F—7J—F superelliptic curve % V> /zHB55 R, superelliptic curves, complex multiplication, ordi-

nary lifting

1 FANRE

M MR EE, EAEF RS & — e o
Jacobi ZkkiE_E D EEHONEFTEIC 3D < BF5R1E, %
2V ORGEER HIFR O REETESED & HEC 2 > T 5.
DR, B L b HIRBIIN B ENTHL LITFVE
v, RIS, SEFEOFHEMEERE ) OB R n) E, F5H -
EAE T iR 2 OB RN O B o WS 0 E R %
ZA0E, kU — Jacobi ZEkEE FV 2R 5 R %
PR 52 LI3ROTNTH A 5.

—f%2 Jacobi ZAREE AV R B ROREKE B A /-
BR, 2 208 B 5. AL, ZhERMRFHER O HE,
Z U TR E R o RO CH 5. Holl, Gal-
braith, Paulus, Smart [4] IZ & Y superelliptic curve _I
@ divisor O EHMNFEIENREN/Z. £z, de Jong,
Noot [3] IZ &Y Jacobi ZEkiADY CM Z ok (CM
HRL) % ERIC & family AYREN TS, Zhit k-
T, AT K Y AW class TH B, superel-
liptic curve % V2G5 R %2 BIRICREEE I & rREMEDS
REhiz.
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IR RO MRS BEER IR CH 5. HIfROFEREE
WKIIROFEMEZ 6N S,

1. Order Counting T & 25K
2. Bk Eo> CM Hifgz i S HERK

1%, 7YX LR ERSERAA —F —174% 5 ki
LRI E RO R 5N 5 L THV RL 1Th7R
FuEie S 20,

2. DTIRIBUE, ME—BIRNTH L. Z ORI,
FRAT T IV fR%E vz Weil number D EHEIC L5,
¥k o> CM (Complex Multiplication) % £ Hifif%
AR _EIC reduction L 7z & & O Enda MG HEA [33]
ThHhobH. AL, Bk ko CM 52 s hhid, 2
DFFEE T, RELRTGREZH, 1EROTGELY
bR TSRS 2 EFHETH 5.

WAL 2. ORBURICHEHL, ZOMBIRICHVS %
DOPUEED CM superelliptic curve Z#KT 5%% H
BET 5.

CM ;@AM oL L L T Frey, Spallek 1T &Y
PRI T35 Siegel modular form % FV T invariant
9] 25T 2 Hk (R g = 2 D5E) [29)], [36], £
LC, /NS AGRRED & HhE ARIRE B Z AV CRAEH
MRz lift 5 2HEE0% [10], [11] 286N Tn5, —fK
I g > 3 DA, invariant NS TRV, g> 3
& 7% superelliptic curve OREEK ClL invariant % 5154
THHEIBEDO L ZALRHHETH 5.

Z ZTCARFWLTIE, FERKT 5 HIRRC FEELSE O il RAS >
MR D & ARHEEEEL O B O S BE T B S F A



Z42 L, model lifting 1T &£ % CM superelliptic curve
DOREBGEZIRET 5. MEITKRE ST T, HifRo%R%E
& lift O HFKTHTT 2 CM test & D 2 DDEHICH
Foh b,

AREBEETIE, model & L T de Jong, Noot 1T & V7R
N7z family @, l-parameter Db D% A b, Z
@ CM Hifi%z BEIcEt family # i Z & T CM
superelliptic curve % ZEHEHIRS Z L MR S 5.
¥7z, l1-parameter @ family & i\ 5 Z & Tl
B RIEICHIR T 5 2 & HIRS.

2 Superelliptic Curve

Z OFETIE superellipctic curve & Z @ Jacobi ik
K EoINE, ZL T Jacobi ZRkA _FITESR S HHEfH
AR Galbraith % [4] 26— CTHIIT 5.

2.1 Supereliptic Curve
%7, superelliptic curve % &K 5.

E#, 1 /& k _Eo superelliptic curve %
Clk:y" =c(z) =as2’ +---+ao
LEHETSH. AL, n,6>3 T B, s,
ged(e(x), ¢(x)) =1, (n, chark) =1, (n, §) =1

izt boe 75,
CDLEC O g=1(n-1)(0-1) &%5%.

EDARETF, THLLRETSL, (n,g—1)=1D
L&, 1 eF ITNL Ty eF, WRTHETS. -7,
@ =1)=1(=1,...,9) DX #CF,)=¢ +1
&b, 2o &, Frobenius endomorphism $FHZ5TH
Ald X29 4+ ¢9 72D superelliptic curve @ Jacobi %
KD @9 +1 18705,

&k Lolhift C oBfkE K =k(C) 75, &
D& & (n,chark) =1 £V K 3B k(z) D n K
DEEER 25> Tnd. 6>, BIlUA K ot

S i@y’ (@) € k)
1=0

ICk->TRSh S, ¥/ K/k(z) 13 Galois IEKTH Y
a€ K ® norm &

Nk /k(z) (@) = I oo
oc€Gal(K/k(z))

THExA6ND.

2.2 Divisor OIN&E

J % C O Jacobi ZkK, O LA K[z, y),
CIO) & O DAFFIATREL T5 L

ClO) =T

MRV IID. 5T, Jacobi ZARAD divisor DfNFI
Cl(O) DAT 7NVHORHICESHA 52 2IC&k->T
KBIRHETH 5.

O D integral ideal a 13 basis

[@g,- .., 0n_1] (a,- = i a,-j(x)yj, aij € k[:c])
j=0

2§D kz]-module & 729, 173 (aij)i, j=o....,
Hermite Normal Form (HNF) Z5tH 52 2k
—BIICEBIEN S, 2D & ¥ ideal D DIRE deg(D)
AT OMAERDOFEIC L > THEXENS.

ideal a, B OFHIL, H D basis DL TOE

[aOIB()? aOIBIJ LK an—lﬂn—l]

OFTFIRBUCKL T, HNF 25153 55H AL 5.

D% Odideal &5, ZDLE deg(E)<g &2
% D &7 reduced ideal E M —RICHEET 5.

Z @ reduced ideal % Cl(0) DreHfEce L A
Z D 5. reduced ideal 1% Paulus ®BIEUA_E O lattice
basis reduction algorithm [21] % F{ Tke 5 Z L A3T
&5,

2o Cl(0) Lok, A% J EohnHEoRREHE
X O(n6%g?) TH 5.

2.3 EERCHERE

F, £® superelliptic curve C 852 6hiz& &,
M - BAEM RO G & [AFRIC superelliptic curve @
Jacobi ZRAR_EOEEHONERIEA EFRIER S .

Problem 1 (BERBNEIRE) F, o superelliptic curve
Z C, C @ Jacobi ZHMk%Z 7 95, HAONI
Di,Dy € JITHL T,

Dy = AD,

B \NeZ &kRDDHREE T _EOBERONERRE &
s59.

il

3 de Jong-Noot Family

ZDETIE, ##ET 5 CM superelliptic curve D
BAEIC V5, superelliptic curve @ family 122y T
SUNANZ

¥, Abel ZEHED CM % BT 5.



EE& 2 A % simple 72 Abel R, K 2¥ikL 3 5.

K C End’(4) THY, [K:Q =2dim(4) £725 &
27 K WHEETLEE, AT CM 2fF2L 50, K
Z A0 CMkEFD.

LA, Jacobi ZkkANY CM Z o illifk% CM Hif
&S,

INET, CLEDg>4D CM HFUIARETSH 5
EEZLNTWz, ZHITHL, de Jong & Noot 1,
CM iz EpRIC & C £ g = 4, 6 @ superelliptic
curve @ family % 52 7=,

FH 1 (de Jong, Noot) [3] LAFT C Lo fam-
ily 2 E#&K T 5:

¥ = s@-D-Ne-pl-v) (1)
v = z(z-1)(z - N (2)
y' = z(z-1)(z - N 3)

> >
- -

ZN S O family 13K 4 CM k% ERRIC & T,
T, (1),2Fg=4 3)iLg=6ThH5.

> >
- -

5, (1), (2), (3) THA SN S family % de Jong-
Noot family & FE&EZHE T 5,

(1), (2), (3) 1E% % superelliptic curve @ family T
HY, Zh6ITEZEN L MROGRRE EAD reduction
ZRIGRICHOVSEDNRETH L. LALRNS, g>
5 OHIfRD Jacobi ZEkM EDOEEHNERTEIC AL T,
EBXT baby-step-giant-step BB & U B BUELEAS,
Gaudry[5] IZ &> TIRESN TS, §-7T, (3) 2B
FROMEBICHOZESITIEERI Y /OB T
H5.

4 Ordinary Lifting (C& % Superelliptic
Curve DMK

Z Z Tld de Jong-Noot family % v >7z CM superel-
liptic curve @ model lifting 1T & AL ST 5.

ARERGEIE model D/ E 2 HRE EAD ordinary
reduction @ CM 4> 5 G [R4E ET reduction Sh 7z
Hhfg % I , Z 0BRSSO =il & P EAFIRE
% VT model Z ik FIC lift $5b0THL. —
i Z @ ordinary lifting % v 7z CM MR ORERK T
1%, #OD/NSRAMRE LT, BHEIN D HRRETIC
XL TZD Jacobi ZARED CM % FH5E 5 B0
H5 [6]. ZOFTEREBUIFEEL A RE F, 1L T
O(q*) THY, flx g=4FETH > THEBOFHHE
SHREETH 5.

Z ZTCHL2E, dhiiED model £ L T de Jong-Noot
family @ (2) ® (3) ® & 972 1-parameter family |5
HLU, model lifting {2 & 5 CM HIFROMBEELZ HBEL <

&7z [10], [11]. 1-parameter family {& F, I reduction
L7z EoiffE ¢ ZTHY, HhfRERR BRI
Mz RIRICHIRC & 5. Jlb, FHEEED O(q) &7
D, BIEMICEHRRREE 5.

LU Aands, ZhETICHSN Tz 1-parameter
family 1& CM Hifiz B EICESOCERRIES L TR
Mo 722, model lifting 1< & - T CM Hhi#i %2 k3 %
BRIC family OFRBE HEL L /=,

ARERIEE, CM Hhifk% MEERIC & & de Jong-Noot
family V53T, Zh £ COMBIRICHER L U %
IZ CM HifRE RN TCE 26D TH 2.

Algorithm1 T, de Jong-Noot family % v /= Q
@ CM superelliptic curve DRERRIEL R

Algorithm 1 (CM curve model ® lifting)
step 1. NS FE p, & &S,

step 2. fEED X € F,, Z:&R. £TD \ 2:ENFH
725 step 1. /\.

C/F,, :y° = z(z — 1)(z — \) ® Jacobi Zkkik
J D pi-Frobenius endomorphism m,, O%¢
ZWN Z(X) 25HHT 5.

step 3.

step 4. J 7% ordinary T2 NIE step 2. .

step 5. K = Q(mp, ).
T ={(p1, {AD}

J D reflex CM & K' #5189 5.

step 6.
step 7.

CM & K ZH5> J 7% simple TH IbHEELF =y
7% 5. simple T2 51X step 2. /N,

step 8.

step 9. i = 2.

step 10. K' C5ERNRT H/INS B p; RS,
T = ).

EBD N e, %iES.

step 11.
step 12.

step 13. C/F,, : y° = z(z — 1)(z — ) @ Jacobi ZHkfk

J O CMAk K; 2515 T 2.
step 14. K; 2 K 261X T2 X 21A 5.
step 15. FIREZR &H7272 X € F), %#U step 13. /\.
step 16. T' = {} 72 61 step 2. \.

TeT 75 \eQEPEAFREIICL T
lift 5.

step 17.



step 18. 617z M ITHL T,

C/Q:y° =z(x —1)(z —\)

LT, CITHL T CM test 47 5. CM test
s HNE, ToliRiE: L TRT.

step 19. T 1 (p;, T') ZMA 5.

step 20. i =i+1 &L, step 10. <\,

Algorithml. @ step 3. @ Z(X), step 13. D K;,
step 7. @ K', KU step 8. @ simplicity 7 A b OFEH
V3 [33] 1CEES.

s

5

EWIFE1TO12H2 0, de Jong-Noot family % FHIZL
RGO Y £ U 7 ER R R RL AW I O R S
WU £
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