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Jd2000000

Fe: O0qOOOO
p = charlFg # 2

C/F,:Y? = F(X),
F(X) =X+ f4X*+ -+ fo,
fi € Fg,disc (F) #0

[N 7 N
N




HpEgn

00 @ D1, Dy € Jo(Fy)
L1 [ : D3:D1—|-D2

PoeC 0000
Pij = (Pijx, Pijy) € C\{Px}
—P;; = (Piix, —Pijv)

Semi-reduced divisor:
Pij # — P

Reduced divisor:
Semi-reducedd 0 >“n; < 2 (genus)

00O 00O reduced divisor

D; = P+ Ppo— 2P, Pj1 7 —Fp
OO

D; = P — Px
OO0

Di = 0



L 00 0O [

00 @ Dq1,Dy € Jo(Fy)
10 : D3 ="D1 + D>y

1. Divisord 00
— Qoo ogoooaon
Odoodon

2. Composition
— D3000000(H)0D0Ooooo
semi-reduced divisor DU U [

3. Reduction
D +— D3
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L1 0 0O [

D3 = D1 + D>

Dl — Pll —|— P12 — 2Poo
Dy = Po1 + Pyo — 2P

D= P11+ P12+ Po1 + Poo — 4P

P11

P22

[N
N

P21

N
N

P12
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V e Fq[X] such that V(PllX) = P11y

P31

V(Piox) = Proy
V(P1x) = Poiy
V(Pyox) = Pooy

Y=V(X)

P11 P22

P21

12

P32

12



P11+ Pio+ Po1+ Poo+ P31 + P32 — 6P =0
D1+ Do+ P31+ P3o —2Px =0
D3 = —(P31 + P32 — 2Px)

Dy + Dy =D3

Y=V(X)

-P32

e AT
S

13



Mumford representation

D= (U,V),
UV eFy;[X],degV < degU

D1 = P11+ P12 — 2P = (U, V1)
Uy = (X — P11x)(X — P1ox)
Vi(Pr1x) = Pi1y, Vi(Piox) = Proy
F —VZ =0modU;

F—V2=0mod U, Ds= (U, V5)

Y=V1(X)

Y
P11 P22

IR NN

P21

U1(X)=0
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Composition

D= P11+ Pio+ P>1 + Pop — 4P~

= (U, V)
U= UyUs

F—-V?2=0modU = UiU>

(X)

P11

P22

[
\_

U1(X)=0

12
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F—szOmodUl
F—VQQEOmOdUQ

F —V?=0mod UyUs

oouogoouogvouuo.

V =85U; + V1,5 € FylX]

S = (Vo —V)U; ! mod Us
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Reduction

D3 = —(P31 + P3p — 2Po0)
= (Us, V3)
D3 = P31 + P32 — 2Poo
= (Usz, Va)

D3 = (U3,V3) — (U3/7 —V3/)

Us = (F—-V?)/U

V3 = -V mod U3

P31

Y=\

(X)

P11

P22

[
\_

P21

P32

12
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D3 = 2D1

U =U?
F —VZ=0modU;

F—-V?2=0modU = U?

NewtonU O 4oo vadoon.

V=5S5U;+V,S € FQ[X]

F—V?
Ui

S = Vi1 mod Uy

18
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[

res(U1,Up) =0 000

D1 = P11+ P1p — 2P
Do = P11 + Py — 2P

D14+Ds = 2(P11—Px)+(P12— Pso)+(Pop— Pxo)
200

res(U1,V7)=0000

D1 = P11 + P1o — 2P
2(P11 — Px) =0

2D = 2(P12 — Pxo)

19



[]

D1 = P11+ P12 — 2P~
res(Ul,Vl) =0

2(P11 — Px) =0
2(P1o — Px) 0000

Ui := X2 + u11 X + u1g
Vi i=wv11X +vig

Vi(Pi1x) = P11y 1= 0
= P11x = —v10v1q

u11 = —(P11x + Piox)
—1
= Piox = v1gvy{ — u11

Pioy = V1(Piox)

Dy = (X — Piox, P1oy)
2D, = 2Dy,

20



Divisord U [

1. DD/QDD OO0nn:
Uy =Uz, Vi = V5

2. U1,U,000

3. 000ddooooon:
Resultant

4. (Composition)

5. b utdggubognt:

S oo

6. (Reduction)

21



Stp. | Procedure Cost
1 Compute the resultant r of U; and Us. 5M
W1 “— U11U21; W2 — u1o + u3; — Uz — Wi;
r — uio(wz — u20) + u20(u?; + uzo — wi);
2 If » =0 then
D1 and D> have a linear factor in common,
and call the exclusive procedure. —
3 Compute Iy = i11.X + 410 = U; ' mod Us. I+2M
wy —r 1 I — (wi(u2r —u11)) X + wiwsz;
4 Compute S = 51X 4+ so = (Vo — Vi)I1 mod Us.
(Karatsuba) 5M
W1 <— V20 — V10; W2 < V21 — V11; W3 <+ 110W1;
W4 < 111W2;
ws «— (110 + t11) (w1 + w2) — w3 — wa;
S — (ws — uz1ws) X — usows + w3s;
5 If s1 = 0 then D3 should be weight one,
and call the exclusive procedure. —
6 Compute the coefficient ks of X2
in K= (F - V2)/Us. —
k> — fa —ui1;
7 Compute T =81X3—|—t12X2+t11X—|-t10=SU1.
(Karatsuba) 3M
w1 < S1u11, t10 < Sou1o;
t11 < (so + s1)(u10 + v11) — w1 — t1o;
t12 < w1 + so;
8 Compute Uz = (S(Th +2WV1) — K)/Us.
(Karatsuba) M
u32 < 8%;
w1 < s1(so + t12) — 1;
wo «— s1(t11 + 2v11) + soti2 — ko;
U31 < W1 — U21U32, U3Q < W2 — U20U32 — U21U31,
9 Make Uz monic I+ 2M
W1 Ugy; U30  UIQWI; UL — UBLWI; U32 < 1;
10 Compute V3 = —(T1 + V1) mod Us. (Karatsuba) 3M
w1 < t11 + v1i1;, w2 < tio0 + vio;
w3 <— S1U31, W4 < t12 — W3, Ws «— W4U3Q,
we «— (uz0 + u31)(s1 + ws) — w3 — ws;
V31 < We — W1, V30 < W5 — W2,
Total 21 +27M

22




Harleyl 00 OO OO O [

0O 20 0

Cantor | 3/ +70M | 31 +76M
Nagao | I +56M I +66M
Harley | 21 +27M | 21 + 30M

0O

00 D1 = (U,V1), D2 = (Up, Vo) OO0,
degU, = deg Uy = 2,

res(U1,Uz) # 0

200

0o py=(Uy,V7) 00O,
deg U = 2,
res(Uy,V71) =0

000

00000oOoooogod: O(1/q)

=
Oodbodboooboboobobddbd
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0000

1. Jogogoouooon

2. Jo0uoooooogg

3. dddoooad
(a) Montgomery multiple inversion

(b) Mumford representation O O
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Jooduoonnl

[ Resultantld OO O

S5M = 4M

OUs000

8

Compute Uz = (S(T1 +2V1) — K)/U>. (Karatsuba)

U32 «— S%;

w1 < s1(so 4+ t12) — 1;

wo «— s1(t11 + 2v11) + soti2 — ko;

U31 < W1 — U21U32, U3Q < W2 — U20U32 — U21U31,
Make Uz monic

—1. . . .
w1 < Uz,, U30 < U3QW1, U31 <~ U31W1, U32 < 1;

Us = X2 + (w1 (280 — w1) — wp) X+
w (w1 (8§ +u11 +un1 — f4) +2(v11 — spwn))

+ upiwo + u1g — U2,

where wy = SIl and wo = uo1 —uy1.

I+9M =1+6M

26




2001/7 OOO0OOOODOO ISeCOOO,
2001/8 000000 O0OOOOOODOODOO0O0O00000

HREEN

O0: 21 +23M
200 : 2I +25M

oottt
oo odogod

oty

O0: 21 +22M
200 21 +25M

oo
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Input Weight two coprime reduced divisors
D; = (U1, V1) and Dy = (Ua, V2)

Output | A weight two reduced divisor D3 = (Us, V3)

Step Procedure Cost

1 Compute the resultant » of U; and Us. 4M
W1 < U21 — U11; W2 < U21W1 + U0 — U20;

r «— uio(wo2 — u20) + u2o(u20 — ur1w1);
2 If »r =0 then D; and D> have

a linear factor in common,
and call the exclusive procedure. —

3 Compute I; = U; ! mod Us. I+2M
w3 —r- 1 I — wiwsX + wows;
4 Compute S. (Karatsuba) 5M

w3 <— V20 — V10, W4 < V21 — V11,

Ws «— 110W3; W6 < 111W4;

wr «— (t10 + ?11) (w3 + wa) — ws — we;
S — (w7 — uz1we) X — uzowe + ws;

5 If s1 = 0 then D3 should be weight one,
and call the exclusive procedure. —
6 Compute
Us = s7°((SU1 + V1)?2 — F) /(U1U>). I+5M
w3 SII;

uzo — w3(ws(s3 + ui1 + u21 — fa)
+2(v11 — sow1)) + wo;

uzi «— w3(2sp — w3) —wi; uzz < 1;

7 Compute V3 = —(SU71 + V1) mod Us. 6 M

W1 <= U30 — U10, W2 < U1l — U31,

V30 <+ S1U30W2 + Sowi — V10;

v31 < s1(uzi1w2 + wi) — sow2 — v11;

Total 21 +22M
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20 [

Input

A weight two reduced divisor D1 = (U1, V1)
without ramification points

Output

A weight two reduced divisor
Dy = (Uz,V2) = 2Dy

Step

Procedure

Cost

Compute the resultant » of U; and V4.
wi vfl; w2 <— U11V11,
r «— uiowi + vio(vio — w2);

If r =0 then

D1 is with a ramification point,

and call the exclusive procedure.

Compute I; = (2V1)~! mod Us.

ws — (2r)~1;
I — —v11w3X + (vip — w2)ws;
Compute Ty = (F — V2)/U1 mod Us.

w2 < u11 — fa; w3 < 2uio;
t10 «— u11(Qwz — ur1ws — f3)
— faws + f2 — wa;
t11 — u11(Rwa +u11) + f3 — w3
Compute S = 1Ty mod U;. (Karatsuba)

w1 < t10t10;, W2 < 111t11;
w3 «— (410 + 211)(t10 + t11) — w1 — wo;
S — (w3 —uri1w2)X — uiow2 + wi;
If s1 = 0 then D, should be weight one,

and call the exclusive procedure.

Compute Up = s72((SU1 + V1)? — F) /U2,

w1 «— sIl;

u20 — wi(wi(s3 + 2ui1 — fa) + 2v11);
up1 — wi1(2s0 —w1); w2 «— 1;

Compute Vo = —(SU; + V1) mod Us.

w1 <— U111 — U217,
v20 «— u20(s1w1 + S0) — Sou10 — V10;
v21 «— s1(u21w1 + u20 — u10) — Sow1 — V11;

4 M

I+2M

4M

5M

I+4M

oM

Total

21 +25M
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Jooooounnil

p#£ 5000
(X,Y) (X + %Y)

0o

C/F,:Y? = F(X),
F(X) =X+ f3X> 4+ -+ fo
000,

Jotdboogbbtuboob, boguogn
Joodoooddoogboooogn
Jooooogooo

fa=0=2000000000200000
=200: 2M + 23M
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Input Weight two coprime reduced divisors
D; = (U1, V1) and Dy = (Ua, V2)

Output | A weight two reduced divisor D3 = (Us, V3)

Step Procedure Cost

1 Compute the resultant » of U; and Us. 4M
W1 < U21 — U11; W2 < U21W1 + U0 — U20;

r «— uio(wo2 — u20) + u2o(u20 — ur1w1);
2 If »r =0 then D; and D> have

a linear factor in common,
and call the exclusive procedure. —

3 Compute I; = U; ! mod Us. I+2M
w3 —r- 1 I — wiwsX + wows;
4 Compute S. (Karatsuba) 5M

w3 <— V20 — V10, W4 < V21 — V11,

Ws «— 110W3; W6 < 111W4;

wr «— (t10 + ?11) (w3 + wa) — ws — we;
S — (w7 — uz1we) X — uzowe + ws;

5 If s1 = 0 then D3 should be weight one,
and call the exclusive procedure. —
6 Compute
Us = s7°((SU1 + V1)?2 — F) /(U1U>). I+5M
w3 SII;

uzo — wa(ws(s3 + ui1 + u21)
+2(v11 — sow1)) + wo;

uzi «— w3(2sp — w3) —wi; uzz < 1;

7 Compute V3 = —(SU71 + V1) mod Us. 6 M

W1 <= U30 — U10, W2 < U1l — U31,

V30 <+ S1U30W2 + Sowi — V10;

v31 < s1(uzi1w2 + wi) — sow2 — v11;

Total 21 +22M
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2000

Input

A weight two reduced divisor D; = (U, V1)

without ramification points

Output

A weight two reduced divisor
Dy = (Up, Vo) = 2D

Step

Procedure

Cost

Compute the resultant » of U; and Vj.
wi Ufl; w2 <— U11V11,
r «— uiowi + vio(vio — w2);
If r =0 then
D1 is with a ramification point,
and call the exclusive procedure.
Compute I; = (2V1)~! mod Us.
ws — (2r)~1;
I — —v11w3X + (vip — w2)ws;
Compute Ty = (F — V2)/U1 mod Us.
wy — u?; w3 — woa+ f3; wa — 2uio;
t10 «— u11(Qws — w3) + fo — wa;

111 < 2wo + w3 — wa
Compute S = I1T1 mod U;. (Karatsuba)

w1 < t10t10;, w2 < 111t11;
w3 «— (410 + 411) (t10 + t11) — w1 — wo;
S — (w3 —uri1w2)X — uiow2 + wi;
If s1 = 0 then D, should be weight one,

and call the exclusive procedure.

Compute U, = s7°((SU1 + V1)? — F) /U2,

Wy < sIl;

u20 — wi(wi(s3 + 2u11) + 2v11);
u21 +— w1(2s0 —w1); u22 — 1;
Compute Vo = —(SU; + V1) mod Us.

w1 <— U111 — U21,
v20 — u20(s1w1 + sp) — sou1p — V10;
v21 « s1(u21wi1 + upo0 — u10) — Sow1 — V11;

4 M

I+2M

2M

5M

I+4M

oM

Total

21 +23M
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oot otoobggbotddn

Jotuuobgobd

I>4M
Joouotdgdoodbougn
0 I=2M 0000000000

Joodggooboogd,
Joodoooobotoodgdd

1. Montgomery multiple inversion
— QO0o00 10

2. Mumford representationd O O
— gogooond
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Montgomery multiple inversion O [J

Montgomery multiple inversion

CLZ'EFZ,
(a1, an) = (a7 ty . agt)

O0: nl
Montgomery: I+ (3n—3)M

Ooo200000 7I4+3MO00000
(000 Cohen’s text book

OO0,

(r,s' =rs) — (r_l,s_l)
1 wy «— (’rs’)_l

2 1 w1 s

3 wy «— 712

4 s 1 wW1wWo

21 - I +4M
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Input Weight two reduced divisors
Dy = (U1, V1) and Dy = (Us, V2)
Output | A weight two reduced divisor D3 = (Us, V3)
Step Procedure Cost
1 Compute the resultant r» of U1 and Us. 4 M
W1 +— U221 — U11; W2 < U21W1 + U0 — U20;
r — uip(w2 — u20) + u2o(u20 — ur1w1);
2 If r =0 then D; and D> have
a linear factor in common,
and call the exclusive procedure. —
3 Compute I; = rU; " mod Us. —
I +— w1 X + wo;
4 Compute S. (Karatsuba) 5M
w3 <— V20 — V10, W4 < V21 — V11,
W5 <— 110W3;, We < 111Wa4,
w7 «— (t10 + ?11) (w3 + wa) — ws — we;
S — (w7 — uz21we) X — ugowe + ws;
5 If s1 = 0 then D3 should be weight one,
and call the exclusive procedure. —
6 Collect S I+ 6M
w3 — (rs1)7Y wa — sqws; w3 — r?ws;
80 < SoW4, S1 < S1Wa4,
7 Compute
Us = s72((SUL + V1)? — F) /(U1U2). 5M
u3p — w3(ws(s3 + ui1 + uz1)
+2(v11 — sow1)) + wo;
uz1 «— w3(2sp — w3) —wi; uzpx — 1;
3 Compute V3 = —(SU1 + V1) mod Us. 6M
W1 <— U30 — U0, W2 < U1l — U31,
V30 — S1U30W2 + Sow1 — V10;
v31 «— s1(uzi1wo + w1) — sow2 — v11;
Total I +26M
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20 [

Input

A weight two divisor D1 = (Uy, V1)
without ramification points

Output

A weight two reduced divisor
Dy = (Uz,V2) = 2Dy

Step

Procedure

Cost

Compute the resultant » of U; and V3.
wi vfl; w2 <— U11V11,

r «— uiowi + vip(vig — wo);
If »r =0 then
D1 is with a ramification point,
and call the exclusive procedure.

Compute I =V, ' mod Us.

I «— —v11. X + vio — wo;
Compute Ty = (F — V2) /U1 mod Us.

wy — u3y; w3 — wo+ f3; ws — 2uio;
t10 < u11(RQws — w3) + fo — wi;
t11 < 2w2 + w3 — wa,

Compute S = I1Th) mod U;. (Karatsuba)
w1 < 110t10; w2 < t11t11;
w3 «— (310 + ¢11)(f10 + t11) — w1 — wo;
S — (w3 —uri1w2)X — urow2 + wi;

If s1 = 0 then D5, should be weight one,

and call the exclusive procedure.

Collect S

w1 — (2rsy)~1;
S0 < SQWw2, 81 + S1W2,

Compute Uz = s72((SUy + V1)? — F) /U2,

wo — s1wi, wi «— 4rlws;

u20 — wi(wi(ss + 2ui1) + 2v11);
u21 — w1(2s0 — w1); wuoo +— 1;
Compute Vo = —(SU71 4+ V1) mod Us.

w1 <— U111 — U217,
v20 «— u20(s1w1 + S0) — Sou10 — V10;
v21 «— s1(u21w1 + u20 — u10) — Sow1 — V11;

4M

2M
5M
I+6M

aM

oM

Total

I +27M
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Mumford representationd [0 [

HarleyO OO OO OO OO O divisor D;:

D; = (U, V),
Ui = X 4+ uin X + ujo,
Vi =v;1X +vg

=
Jogy;ddooooododan,
Oodoboon

=
OO0O0oooooooooo,
Mumford representationC O OO OO
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Ui,%DDDDaEFZ‘]DDDD,

U,L( = alU; = aX?+ au;1X + au;Q,
V) = aV; = av;1X + avg
Oooodn

D; = (U, V]) (= U, V)

0O O
(Modified Mumford Representation)

[0 0O divisorl MMRO 0O 0O,
O00000000o00oooooooooo

Oo: 54M
200: 53M

38



L 00 0O [

00 200

2000/7 | [1] | 2I 4+ 30M | 21 4+ 30M+

2000 | [2]| 2I 4+27M | 21 4+ 30M*

2001/7 | [3] | 2I +23M7T | 21 + 25M*
2001/8 | [4] | I+ 27MT | T4+ 27M
2002/1 | [5]| I+26M | I+27TM

54 M 53M

2002/1 | [6] | 21 +21M | 21 + 25M*
I+25M | I+ 29M*

[1]Gaudry-Harley, ANTS 1V, [2]Harley, HOomepage

[3]M-Chao-Tsujii, ISEC
[4M, D000000000D000000000000

(0OoOoooo)

[5]Miyamoto-Doi-M-Chao-Tsujii, SCIS
[6] Takahashi, SCIS

00 —M

i fa=0= —2M

Jogboodobod
Uz:dddud=5S:g0ggd




Joooootnon
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Joog:

EC IEEE P136300 (Jacobian Projective)
Ooo0: 1eM, 200: 10M
Affine
Oo0: I4+3M,200: I +4M
HEC O0O: 54M, 200: 53M
O0: I4+25M,200: I 4+27M
O0: 21 4+21M, 200: 21 4+ 23M

000 ~ #EF,), #J0(Fy)

(q1/2 = 1)29 < #Tc(Fy) < (¢1/? + 1)29
=

#E(Fq) ~ q

#jC(Fq) ~ q2

N~ #E[Fq,) = qpg~ N
N =~ #JcFqey) = qg =~ VN = qu ~ \/9E

O0o0booboddn
M = (log q)? (classical mulitiplication)

MEZFQEDDDDDDD
MHZFQHDDDDDDD
:>ME’F-:‘J4MH
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U oooot

bbb bootdogd

00 200
EC1 16 My = 10Mg =
64 My 40Mpy
EC2 | Ip+3Mgp= | Ir+ 4Mp =
ATy + 12My | 415 + 16 My
HEC1 54Mp 53Mp
HEC2 | Iy +25My | Iy +27My
HEC3 | 21y + 21 My | 21y + 23My
Jddgdgn
Dog20000ddgooooggg
In/My || ECL | EC2 || HEC1 | HEC2 | HEC3
2 24 | 1 2.4 1.3 1.2
4 1.7 | 1 1.8 1 1
6 1.6 | 1.2 1.7 1 1.1
8 1.5 | 1.4 1.6 1 1.1
10 1.4 | 1.5 1.5 1 1.2
12 1.4 | 1.6 1.4 1 1.2
14 1.3 | 1.8 1.3 1 1.3
16 12 | 1.9 1.3 1 1.3
18 1.2 | 2.0 1.2 1 1.3
20 1.1 | 2.0 1.2 1 1.3
22 1.08| 2.1 1.1 1 1.4
24 1.04 | 2.2 | 1.07 1 1.4
26 1 | 2.3 | 1.03 1 1.4
28 1 | 24 || 1.03 | 1.04 1.5
30 1 | 26 | 1.03 | 1.07 1.6

42



ODO0DOO00020000001/20000

30
Ul 8N ammmsomon~
S
=< O
r_.m3.1_1_1_1_1_1_1_1_1_0.0.0.1_2.
L 11111
T
i
VS 0oons Mot
_||“|I|_211111111111111
Um0 AT WORR00 =000
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U 0ooot

OoooOo @ oOoO02423M00 I+ 26M0
EREEERN . P1363

0000 . sliding window (O 4)

0000 . Kobayashi et al. @QEuro99

p=231-1
a3 —-5=0
B°—-5=0

#Tc(Fq,) ~ #E(F,,) ~ 2186

Dooog 18e6bitt 00
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ooo0 0OCH++
OO0O0000gnu g++4+—2.95.2

HRN 200 oot

EC 11.6us. | 6.58us. | 1.76ms.
21 +23M0O | 8.32us. | 8.74us. | 1.98ms.
I4+26M0O | 7.22us. | 7.50us. | 1.69ms.

on Pentium III 866MHZz

Mg ~ 3.8My
Iy~ 6.4My

=
0000000000000000

=
ODoo0oooodoooondn.



Harleyl OO OO O [

0030000000000
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003000000

Fe: O00¢OO0O0O
p:=charkq, # 2,7
C/F,:Y? = F(X),
F(X)=X"4+ fsX>+---+ fo,
fi € Fg,disc (F) # 0

Jooottnn

0 size~ OO x OO size

OO0D0O000: 64bit = 00000: 192bit

00 size>160bit == 00000000000

o4bit CPU 00000000 O0O0OOOO0OO

Jodgogoodnn
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Jo200000000

1. Divisord O [

2. Composition

3. Reduction
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Divisord U [

Reduced divisor

D; = P+ Pp+ Fi3—3Px
OO0

D; = P+ P2 — 2P
HgEpn

D; = Fj1— Px
00

D; = 0

= ugudobootdggbob: bbb ggdbood
Jdoodooood: oogodgo
= Cantord 00 dooooog
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L 000 [

[0

00: Dy = (U1,V1), Do = (Up, V)

1. degUy =degU> = 3 and res(U1,U>) #0
= HarleyO OGO O0QO0O

2. 00 doogg
= Cantor0O0O0 O0OOO: OO O(1/q)

200

00: D1 = (U, V7)

1. degU; = 3 and res(U1,V7) #0
= HarleyO OGO OO 0O

2. 00 doogg
= Cantor0O0O0 O0OOO: OO O(1/q)
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Composition

Joodoon2000

degU,deg V042000

degU | degV
genus 2 4 3
genus 3 6) 5

= ugugogbuoodggod

Reduction

20 0 reductiond O [

degU | degV | F— V<200
Composition 6 5 100
First reduction 4 3 70
Second reduction 3 2
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J: I +81M

Input Weight three coprime reduced divisors
D1 = (U1,V1) and Dy = (Uz, V2)
Output | A weight three reduced divisor
D3 = (U3, V3) = D1+Do
Step Procedure Cost
1 Compute the resultant » of U1 and Us. 18M
2 If r = 0 then call Cantor algorithm. —
3 Compute
I =i12X2—|—i11X—|—iloE7‘/U1 mod Us. 3M
4 Compute
rS =rssX?+rs1X +rso= (Vo — V1)I; mod Us.
(Karatsuba) 11M
5 If rs» = 0 then call the exclusive procedure. —
6 Compute
S = X2+ 51X 4+ s0
= r 1(rspX? 4+ rs1.X + rso). I'+7M
7 Compute
Uy = s5°((S2U1 + 28V1) /Us — (F — V2) /(U1U2)). 19M
8 Compute V; = —(SU; + V1) mod Us.
(Karatsuba) 12M
9 Compute Uz = (F — V;2) /Uy;. SM
10 Compute V3 = —V; mod Us. (Karatsuba) 3M
Total I +81M
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Input A weight three reduced divisor Dy = (U1, V1)
without ramification points
Output | A weight three reduced divisor
Dy = (U, Vo) = 2D,
Step Procedure Cost
1 Compute the resultant » of U; and Vj. 15M
2 If r = 0 then call Cantor algorithm. —
3 Compute I; = i12X2 + 411X + 110 = T’/Vl mod Uj. 3IM
4 Compute
Th = t12X2 +t11. X + ti0 = (F — VIQ)/Ul mod U;. M
5 Compute
2rS = 2rso X2 4+ 2rs1 X + 2rsg = 11Ty mod Uj.
(Karatsuba) 11M
6 If 2rso, = 0 then call the exclusive procedure. —
7 Compute
S =35,X%2+ 51X + so
= (2r) 1 (2rsaX? 4+ 2rs1X + 2rs0). I+7M
8 Compute Uy = s,%(((SU1 4 V1)? — F)/U3). oM
9 Compute V; = —(SU1 4+ V1) mod U;. (Karatsuba) 12M
10 Compute Uy = (F — V;2) /Uy. ™M
11 Compute Vo = —V; mod U>. (Karatsuba) 3M
Total I+ 74M
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EpEgngn

000: Fp,p=2°1 -1
00000 186bit0d0O, sliding window (O 4)

0000 OCH+4 (1000 inline assemblerd )
000000 Compaq CH++

[1 [ 200 000
4.27 us. | 4.09 us. | 932 us.

on Alpha 21264 667MHz
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Harleyl 00 OO O [

Jo2000000000000000

(9=2)
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002000000 /Fon

F,; 00 ¢O0000O, charF, =2

C/Fq:Y? + H(X)Y = F(X),
F(X) =X+ f3X>+ f1X + fo,
H(X) = X2+ h1X + ho,
fis h; € Fq,
{(z,y) €F2 |y’ + H(z)y+ F(z) = H(z) = H'(z)y+ F'(z) = 0}
= ¢

deg H = 2 & Jo : ordinary

56



px=200000000

pF 2 p=2
000 Py =0 H(Px) =0
Mumford U[F V2 U F+ HV + V2
D (R=% U.U+V T+ H)
200
37c[2](F,) res(U, V) res(H,V)
S LRyt mod Uy | B 1 mod U

][]

00: I4+26M(00)
200: I+28M(00)
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